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Abstract

The filtering characteristics of a series-cascaded double-ring optical resonator (SDRR) are investigated. The roles of

coupling coefficients and the effects of optical loss are analyzed. The relationships of the coupling coefficients with the

characteristics of the SDRR filter are expressed with simple analytical formulas. With the derived approximate for-

mulas, it is found that the bandwidth ratio of the SDRR filter is mainly dependent on the shape factor defined in this

paper. The performance of the SDRR filter, especially the bandwidth ratio, is improved significantly in comparison

with that of the single-ring-resonator filter. The analytical results also indicate that the optical loss in the microrings has

a strong influence on the characteristics of the SDRR filter.

� 2003 Elsevier B.V. All rights reserved.
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1. Introduction

With recent advances in planar fabrication

techniques, there has been an increased interest

in microring-based optical waveguide resonators
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[1–7]. A lot of work has been performed on optical

filters incorporating waveguide microrings as
the building block elements [3–5,8–15]. Since the

single-ring-resonator (SRR) filter has a simple

Lorentzian response, high-order multiple-ring-

resonator (MRR) filters, which can be realized in

either a serial or parallel cascade configuration [8–

15], were proposed to achieve flat-top, fast-rolloff,

and large-stopband-rejection filtering bands. In

Little�s recent report [15], MRRs fabricated on the
glass material called HydexTM with low-insertion

loss and box-like responses were reported.

These high-order filters, however, require tight
ed.

mail to: yangjy@zju.edu.cn


Fig. 1. Schematic diagram of the optical filter employing the

series-cascaded double-ring resonator (SDRR).
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fabrication control to ensure coincident reso-

nances in all microrings and accurate power cou-

pling coefficients of all coupling regions. Many

methods, such as the coupled-mode method [8]

and the transfer-matrix method [9,11], have been

employed to analyze the characteristics of mic-
roring-based optical filters. An approach to syn-

thesize high-order optical filters has also been

proposed [8,11]. However, to our knowledge, ex-

cept for the SRR filter, no published study has

quantitatively explained the exact roles all cou-

pling coefficients play in determining the band-

width, the bandwidth ratio, and the stopband

rejection, and the possible effects optical loss
makes on the characteristics of the MRR filter.

The aim of this paper is to explore the feasi-

bility of employing a series-cascaded double-ring

resonator (SDRR) to realize a high-performance

optical filter. One of the advantages of this sec-

ond-order microring-based optical filter is that it

has the simplest structure among high-order fil-

ters, and thus its fabrication is much easier and
more practical. Meanwhile, the size of the SDRR

filter is kept small, which is the key feature of the

microring-based optical component for high-

density optical integration. In this paper, the roles

of coupling coefficients and the effects of optical

loss are analyzed and formulated for the SDRR

filter. With the derived formulas, we can easily set

and/or tune the bandwidth ratio of the SDRR,
which mainly depends on the shape factor defined

in the following sections, as well as the band-

width. This makes designing high-performance

SDRR filters simple and is very useful to guide

trimming in the fabrication of SDRR filters. We

calculated the bandwidth ratio of the filtering

band and found that the band shape of the

SDRR filter is much better than that of the SRR
filter.

The paper is organized as follows. In Section 2,

the transfer function of the SDRR bandpass filter

is presented. Based on the transfer function, in

Section 3, the formulas for the filtering character-

istics are derived. The performance of the SDRR

filter is compared with that of the SRR filter. The

influence of optical loss on the filtering character-
istics is also investigated in Section 3. The results

are summarized in Section 4.
2. Transfer function

The schematic diagram of the SDRR optical

filter is depicted in Fig. 1. It consists of two mu-

tually coupled waveguide microrings (Ring 1 and
Ring 2) and two tangential straight waveguides

(the bus and the dropping channels) that serve as

evanescent wave input and output couplers. All

waveguides are monomode. The two rings are

identical and have the same free spectral range

(FSR). Using the transfer-matrix method [11], we

get the transfer function of the SDRR bandpass

filter at the dropping channel:

DðhÞ

¼ jL1=2
1 L1=2

2 K1K2K3 expð�jhÞ
1�ðL1T1T2þL2T3T2Þexpð�jhÞþL1L2T1T3 expð�j2hÞ ;

ð1Þ

where, K1 and K3 are the two into-/out-of-ring

amplitude coupling coefficients and K2 is the ring-

to-ring amplitude coupling coefficient, as shown in

Fig. 1. T 2
i ¼ 1� K2

i (i ¼ 1; 2; 3). Li ¼ expð�paiRÞ
(i ¼ 1; 2) is the round-trip amplitude attenuation
in Ring i, where ai is the power loss coefficient of

Ring i and R is the radius of both rings. h is defined
as the normalized frequency:
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h ¼ 2pv
FSRv

; ð2Þ

i.e., the phase delay of the light with a frequency v
in a round trip of a single waveguide ring. FSRv is

the FSR in the frequency domain. Since the

transfer function DðhÞ is periodic, we just need to

analyze the characteristics in the period of ð�p; pÞ.
Fig. 2. Typical intensity responses of the bandpass SDRR

filter. The employed parameters: K2
1 ¼ K2

3 ¼ 0:1.
3. Characteristic analysis

In this section, we first consider the case that the

optical loss in the microrings can be ignored, and

the two into-/out-of-ring amplitude coupling co-

efficients K1 and K3 are set identical. The influence

of optical loss is analyzed later.

3.1. The resonances

In the case L1 ¼ L2 ¼ 1, the intensity transfer

function of the SDRR filter can be obtained from

Eq. (1) as follows:

jDðhÞj2

¼ ðK1K2K3Þ2

j1�ðT1T2þT3T2Þexpð�jhÞþT1T3 expð�j2hÞj2
:

ð3aÞ

Fig. 2 illustrates the dependence of the intensity

transfer function on the normalized frequency in

one period of the normalized frequency. In the

curve of K2
2 ¼ 0:01 or K2

2 ¼ 0:1, there are two
points giving the peak response. The two points

correspond to the two resonances. It means that

every resonant point of a single ring is split into

two when this ring is set coupled with another

identical ring. From Eq. (3a), it can be derived that

the response at the resonance can reach its maxi-

mum value 1 only when K3 ¼ K1. In the condition

of K3 ¼ K1, the intensity of transfer function be-
comes:

jDðhÞj2 ¼ K4
1K

2
2

1� 2T1T2 expð�jhÞ þ T 2
1 expð�j2hÞj j2

:

ð3bÞ
The normalized resonant frequencies hres is deter-
mined by the following equation:
cos hres ¼
1þ T 2

1

2T1
T2: ð4Þ

From Eq. (4), we know that the two resonances

are degenerate only when T2 < 2T1=ð1þ T 2
1 Þ. If

T2 P 2T1=ð1þ T 2
1 Þ, which also means:

K2 6
K2

1

2� K2
1

ð5aÞ

the two resonant frequencies will merge back into

the zero point h ¼ 0 and the response at the res-

onance will decrease as K2 decreases, as shown in

Fig. 2.

When K2 is large enough to support the two
degenerate resonances, as is seen from the curves

of K2
2 ¼ 0:01 and K2

2 ¼ 0:1 in Fig. 2, the intensity

response has a minimum at h ¼ 0 in the range

between the two resonant frequencies. For a

bandpass filter, it is commonly required that the

ripple of the passband response should be mini-

mized to an acceptable value. Thus, for the SDRR

filter, the response jDðhÞj2 at h ¼ 0 should be
above a certain value f0. For example, f0 is about
0.9 if the ripple is required to be below 0.5 dB.

Since generally K2
i � 1 (i ¼ 1; 2), to meet the

condition jDð0Þj2 P f0 it can be derived from Eq.

(3b) that K2 must be in the following range:

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f0

p
ffiffiffiffi
f0

p K2
1

2� K2
1

6K2 6
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f0

p
ffiffiffiffi
f0

p K2
1

2� K2
1

:

ð5bÞ



Fig. 3. Comparison between the approximate formula (11a)

and (11b) and the accurate bandwidth values: (a) f ¼ 1 and (b)

f ¼ 0:9. The solid line represents the accurate bandwidths; the

dash line represents the bandwidths given by Eqs. (11a) and

(11b).

94 J. Yang et al. / Optics Communications 228 (2003) 91–98
In fact, Eq. (5b) includes the conditions that the

two resonances are merged. Combining Eqs. (5a)

and (5b), to satisfy both jDðhresÞj2 ¼ 1 and

jDð0Þj2 P f0, we find that the ring-to-ring coupling

coefficient K2 needs to be tuned as

K2 ¼ q
K2

1

2� K2
1

; ð6Þ

where q ¼ ð1þ
ffiffiffiffiffiffiffiffiffiffiffi
1� f

p
Þ=

ffiffiffi
f

p
. Here, we define a

shape factor f, which can be used not only to in-

dicate the response at h ¼ 0, but also to control the

bandwidth ratio as analyzed in Section 3.3. The

shape factor f is in the range of f0 6 f6 1. Thus, if

K2 is controlled to be the value given by Eq. (6), we

can obtain a good passband shape in which the

two resonances are kept degenerate and the re-
sponse at the zero point is f. It should be noted

that K2 is of the same order of magnitude as K2
1 .

The resonant frequencies have the following ap-

proximate expression:

h2res � sin2 hres �
K2

2 � K4
1=4

1� K2
1

� ðq2 � 1Þ
4

K4
1

T 2
1

: ð7Þ

Here, it is assumed that K2
1 � 1.

3.2. The bandwidth

To analyze the bandwidth of the SDRR filter,

we begin with the denominator in the right-hand

side of Eq. (3b). For the normalized frequencies

near the zero point, considering the two resonant

frequencies expressed by Eq. (7), we can approxi-

mate the denominator dðhÞ as:

dðhÞ � 1
��

� K2
1

�
h2 � K2

2

�
� K4

1=4
��2 þ K4

1K
2
2 : ð8Þ

Since the bandwidth is generally far smaller than

the FSR, from Eq. (8), the normalized bandwidth
of the bandpass SDRR filter is given by:

BW1=g ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
g� 1

p
K2

1K2 þ K2
2 � K4

1=4

1� K2
1

� �1=2

: ð9Þ

Here, g is defined as the bandwidth factor and

Eq. (9) gives the bandwidth in which the re-

sponse is within �10 log g (dB) of the peak.

With Eq. (6), the bandwidth from Eq. (9) can be

rewritten as:
BW1=g � 2q
ffiffiffiffiffiffiffiffiffiffiffi
g� 1

p�
þ q2 � 1

	1=2 K2
1

T1
: ð10Þ

Fig. 3 demonstrates that Eq. (10) is accurate

enough to give the 1 dB (1=g � 0:8), 3 dB (1=g �
0:5), 20 dB (1=g ¼ 0:01) and 30 dB (1=g ¼ 0:001)
bandwidths when K2

1 is small. From Eq. (10), it

can be found that the bandwidth of the SDRR

filter is almost proportional to the power coupling

coefficient K2
1 . With this bandwidth formula, it is

very easy to calculate the bandwidth ratio which

will be analyzed in the following section.
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3.3. Comparison with the SRR filter

In a bandpass filter, a large stopband rejection

is critical to minimize crosstalk from neighboring

signal channels. Here, we use the maximum ex-
tinction ratio EXmax ¼ 10 logðjDðhÞj2max=jDðhÞj

2
minÞ

(dB) to evaluate the stopband rejection and com-

pare the difference between the SDRR filter and

the SRR filter.For the SDRR filter, the peak re-

sponse is at the resonant points:

jDðhÞj2max ¼ jDðhresÞj2 ¼ 1 ð11aÞ
Table 1

Formulas of commonly defined bandwidths (normalized) of the SDR

Filter BW1=g Formula B

B

SDRR f ¼ 1 BW1 dB
K2

1

T1
BW3 dB

ffiffiffi
2

p K2
1

T1

BW20 dB

ffiffiffiffiffi
20

p K2
1

T1

BW30 dB

ffiffiffiffiffiffiffiffiffi
63:2

p K2
1

T1

SRR BW1 dB
K2

1

T1

BW3 dB 2
K2

1

T1

BW20 dB 20
K2

1

T1

BW30 dB 63:2
K2

1

T1

Fig. 4. Curves of the maximum extinction ratio versus the

power coupling coefficient K2
1 . The solid line represents the

accurate curves; the dash line represents the approximate curves

given by Eq. (9).
and the minimum response is at the points h ¼ �p:

jDðhÞj2min ¼ jDð�pÞj2 ¼ K4
1K

2
2

1þ 2T1T2 þ T 2
1ð Þ2

� q2 K
8
1

64
;

ð11bÞ

where the approximation can be obtained by as-

suming K2
1 � 1. Thus the maximum extinction

ratio of SDRR filter can be approximated by:

EXmax � 10 log
64

q2K8
1

ðdBÞ: ð12Þ

Fig. 4 shows the curves of the maximum ex-

tinction ratio versus the power coupling coefficient

K2
1 . It can be found that the maximum extinction

ratio given by Eq. (12) is accurate if K2
1 is small.

Additionally, the maximum extinction ratio of the
SRR filter is EXmax � 10 logð4=K4

1 Þ [16] if its two

into-/out-of-ring coupling coefficients are both

small values of K1 Since q cannot be larger than 2

(when f is 0.9, q is about 1.39), the maximum ex-

tinction ratio of the SDRR filter is more than twice

that of the SRR filter. This means the SDRR filter

can afford larger stopband rejection and lower

crosstalk compared to the SRR filter.
The bandwidth ratio is another key property for

a bandpass filter. When f ¼ 1, we have q ¼ 1 and

BW1=g ¼ ð2
ffiffiffiffiffiffiffiffiffiffiffi
g� 1

p
Þ1=2ðK2

1=T1Þ for the lossless

SDRR filter according to the analysis in Section

3.2. Table 1 lists the bandwidth formulas of the
R (f ¼ 1) and SRR filters and ratios between them

andwidth ratio

W1=g=BW1 dB BW1=g=BW3 dB BW1=g=BW20 dB

1

1.41 1

4.47 3.16 1

7.95 5.62 1.78

1

2 1

20 10 1

63.2 31.6 3.16



96 J. Yang et al. / Optics Communications 228 (2003) 91–98
SDRR (f ¼ 1) filter with various values of g and

the ratios between them. The bandwidth formulas

and the related bandwidth ratios of the SRR filter

[16], in which the two into-/out-of-ring coupling

coefficients are assumed to have the same value K1

are also presented in Table 1 for comparison. It
should be pointed out that the bandwidth ratios

listed in Table 1 do not depend on the power

coupling coefficient K2
1 or any other parameter of

the SDRR filter once f is chosen. Only when K2
1 is

not small enough and the approximation for Eqs.

(8)–(10) is not accurate enough will the bandwidth

ratio become larger. This is especially true for the

ratio between the 1 dB (or 3 dB) and 20 dB (or 30
dB) bandwidths. Table 1 shows that the improve-

ment of the band shape is significant if the SDRR

is used as an optical filter instead of the SRR.

If the shape factor f of the SDRR filter is

controlled to be smaller than 1, q becomes greater

than 1 and the coefficient ð2q
ffiffiffiffiffiffiffiffiffiffiffi
g� 1

p
þ q2 � 1Þ1=2

in Eq. (10) increases. This increase of the coeffi-

cient ð2q
ffiffiffiffiffiffiffiffiffiffiffi
g� 1

p
þ q2 � 1Þ1=2 is greater for g of a

smaller value (e.g., 1.25 or 2 for the 1 or 3 dB

bandwidth, respectively) than that of a larger value

(e.g., 100 or 1000 for the 20 or 30 dB bandwidth,

respectively). Therefore, the decrease of f can re-

sult in the decrease of the bandwidth ratio and

greater improvement of the band shape of the

SDRR filter. Fig. 5 illustrates the changes of

bandwidth ratios introduced by altering f. It
should be noted that the decrease of f must meet

the ripple requirement.
Fig. 5. Curves of the bandwidth ratios versus the shape factor f.
3.4. The influence of optical loss

The optical loss in microrings is unavoidable. It

means we always have L1 < 1 and L2 < 1 for Eq.

(1). Introducing the following definitions:

T 02
1 ¼ L1L2T1T3; ð13aÞ

K 02
1 ¼ 1� T 02

1 ; ð13bÞ
c1T 0

1 ¼ L1T1;
c2T 0

1 ¼ L2T3;



ð13cÞ

C ¼ c1 þ c2
2

; ð13dÞ

T 0
2 ¼ CT2; ð13eÞ

K 02
2 ¼ 1� T 02

2 ð13fÞ
we have the intensity transfer function of the

bandpass SDRR filter from Eq. (1):

jDðhÞj2 ¼ L1L2K2
1K

2
2K

2
3

K 04
1 K

02
2

� K 04
1 K

02
2

1� 2T 0
1T

0
2 expð�jhÞ þ T 02

1 expð�j2hÞj j2
:

ð14Þ

The second term of the right-hand side of Eq. (14)

is the intensity transfer function of a lossless
SDRR filter, in which the two into-/out-of-ring

coupling coefficients are both K 0
1 and the ring-to-

ring coupling coefficient is K 0
2. The first term is

independent of the normalized frequency. There-

fore, the influence of optical loss on the band

shape is only presented by the second term and the

first term gives the attenuation caused by optical

loss. Eq. (14) can also be used to analyze the
characteristics when K3 is not set equal to K1 in the

lossless condition.

Fig. 6 demonstrates the change of the re-

sponse given by the second term of the right-

hand side of Eq. (14). As optical loss increases,

the bandwidth ratio increases and the maximum

extinction ratio decreases. However, the change

of the bandwidth is little when optical loss is
very small and the two resonances are still kept

degenerate, which can be explained by Eqs. (6),

(10) and (13a)–(13f). If optical loss is severe, for

example L2 ¼ 0:5 as seen in Fig. 6, the band

shape of the SDRR filter degrades dramatically.



Fig. 6. Change of the band shape caused by optical loss. The

employed parameters: K2
1 ¼ K2

3 ¼ 0:1 and f ¼ 0:9.

J. Yang et al. / Optics Communications 228 (2003) 91–98 97
The bandwidth is much larger than expected, the

bandwidth ratio is no longer as good as the data
given in Table 1, the maximum extinction ratio

is lower than )30 dB, and more attenuation of

the response is introduced.

The main influence of optical loss is the atten-

uation of the output amplitude. Fig. 7 shows the

influence of optical loss on the filtering response at

the resonant frequency. We notice that even low

loss will result in a rapid decrease of the output in
the dropping channel.

If T1 is given and T3 is set to be T3 ¼ T1=ðL1L2Þ,
the bus channel of the SDRR filter never has an
0.0 0.2 0.4 0.6 0.8 1.0
0.0
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R
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Fig. 7. Influence of optical loss on the output of the dropping

channel at the resonant point. The employed parameters:

K2
1 ¼ 0:1 and f ¼ 1.
output at the normalized frequencies given by the

equation cos h ¼ ððL2
1 þ T 2

1 Þ=ð2L1T1ÞÞT2. However,

the filtered output from the dropping channel is far

away from its maximum value, which can be

reached by setting T3 to the value around L1L2T1.
Assuming L1 ¼ L2 ¼ L, Fig. 7 compares the three
cases that T3 is controlled to be T3 ¼ T1=L2,

T3 ¼ T1, and T3 ¼ L2T1.
4. Summary

In the above sections, the bandpass character-

istics of the SDRR filter are studied in details. A set
of analytical formulas is derived. These formulas

give the relationship between the bandpass char-

acteristics and the coupling coefficients, and can be

employed to design high-performance SDRR fil-

ters. The analytical results indicate that the ring-to-

ring coupling coefficient should follow Eq. (6) to

generate a good band shape for the SDRR filter,

and then the bandwidth is mainly determined by
the into-/out-of-ring coupling coefficients. The

Bandwidth ratio of the SDRR filter can be calcu-

lated very easily with a given shape factor f, and is

almost independent of any other parameter of the

SDRR filter. Compared to the characteristics of

the SRR filter, those of the SDRR filter are im-

proved significantly, especially the bandwidth ra-

tio. The influence of the optical loss in microrings is
also formulated and analyzed. To get a SDRR

filter with good filtering performance, it is very

important that the optical loss in microrings is

controlled to be as low as possible. Otherwise,

optical loss will not only cause serious attenuation

of the bandpass response, but also lead to deteri-

oration of the bandwidth ratio, the maximum ex-

tinction ratio, and even the bandwidth.
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