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ABSTRACT

In this paper, we discuss multihop optical bus interconnection networks. For massive parallel computing
systems, such interconnection can interconnect a large number of processing elements and reduce system
latency at the same time. We give the qualitative results of De Bruijn bus network and Kautz bus network
as an engineering options based on combinatorial hypergraph theory and a uniform alphabetic constructive
methed. We also give an implementation method via polymer based waveguide holograms.

Keyword: Multihop Bus systems, De Bruijn bus nctworks, Kautz bus networks,
Waveguide holograms.

1. INTRODUCTION

Interconnection network design problems become more and more important nowadays both in massive
parallel computing systems and VLSI systems. When nodes in the system to be connected become large,
this problem jeopardizes the interconnect performance at a low cost. The basic styles of interconnection are
point to point interconnection and broadcast interconnection. In point to point communication, multihops
may be needed to fully interconnect all the nodes in the system, In the broadcast interconnection, a simple
way is to attach the processors all to a single bus. Other than these two methods, there is the third method--
multicast interconnection -- the grouped interconnection which communicate in point to point style between
groups and in broadeast style within groups. One can image multicast as interconnected bus system.

There are many important parameters in designing an interconnect network. Their importance varies
according to different implementation techniques, The most important parameters of a network are:

1) Diameter D; the maximum number of hops between any two nodes  in the system. [t represents
maximum hops or limes a message needed to go through any two nodes in system,

2) Degree A: the number of transmiter-receiver pairs cach node has. The more the transmiters a node
has, the more other nodes it can conneet directly { the better of the connectivity of a network may has ), but
al more cost.

3) Volume r: the maximum number of nodes a bus can accommodate,

4) System size n: the total number of nodes a network can interconnect,

There are many other secondary parameters for a network. In this paper, we focus on these four
parameters. The relationship among these parameters for a network design is delineated. The common goal
for a high performance network is to have a network with a large system size n with optimized values of
D, A, andr {possiblly small ones). However, in many cases, these parameters are contradictary. For
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e with a fixed degree A, we need more hops ( a larger D) or large bus volume r to reach maore
i

jon. With @ fixed diameter D(a fixed hops), we need more transmiter-receiver pairs A or larger bus
“miuruu r to reach more nodes, There are many options according to different network, but the maximum
Vil

et of nodes n{ A, D, r), for fixed A, D, and r, is limited by Moore bound:
mn

n(AD,0) 1+ A(r = DERGA-1Di(r=1) for uni-directional interconnects,

n(A,D,r) £ Egﬁl (Ar)' for bi-directional interconnects.

e uni-directional interconnection means signals flow between any two nodes can only flow in one
whi g, like single optical fiber. Bi-directional interconnection means node A can send signals directly to
it IJ:1 I, JIJ'H-I node B can also semd Eigﬂﬁls to node A. Uni-directional inlerconnections usu”.ll}' modeled s
rlr:.:-" jedd graphs in mathematical terminorlogy, while, bi-directional interconnections usually modeled as
L

I“,.Im-ulr:n:! graphs,

An interconnection netwerk attain this Moore bound is known as Moore geometry[4][13).
TR GLLCALL works aimed to search better network interconnect structure 1o accommodate more nodes,
e fesults are summarized in [4] [13). Among them, de Bruijn network and Kautz network have better
:“, wilies for system interconnection. They have been used in WDM[16), VLSI and compuler systems

,,,..-.murlm;i.icms[f‘;"],

We will use some mathematical tools to analyze networks, For instance, we use direcied graphs
i« model for um-directional interconnections, undirected graph as model for bi-directional
Javiconnections, and hypergraph[8] as model for bus interconnections,

Ilils paper is organized as follows. Section 2 discusses point to point interconnection networks using de
(il network and Kautz network. Section 3 delineates bu_s interconnection networks using de Br‘uijl:t and
p a2 graphs. Section 4_ presents more general cases by using the hypergraphic technology. And Section §
L omies with the concluding remarks.

2. DE BRULJN NETWORK AND KAUTZ NETWORK

In this section, we discuss point to point interconnection using de Bruijn network and Kaurz network.
it bus is considered here. Before discussing de Bruijn and Kautz network, we first take a look at k-cubefor
iy pervube) which is the most popular point to point interconnection network, We can describe k-cube as
wsles represented by binary sequences of length k(k wple). Any two nodes are interconnected if and only if
ihe twe binary sequences have one bit difference. Such, a k-cube has diameter k with 2" nodes each of
which has only degree of k. If D=k, A=k, and by Moore bound, we have

n(A,D) S 1+ AA - D+ AA - DP™T = 14 k(k = etk (k = 1)K
_k(k-1k-2
=

We can see from above that the number of nodes can be interconnected by k-cube( that is 2k Jare far
i Moore bound when k is larger than 4, which means there may exist some better network structure. In
{at, e Bruijn network and Kautz network are such network structures, We note that, if two networks a, b,

with the same Aand D, can interconnect Ny nedesand ny, nodes respectively, and Ny > Ny, then we
v venclude that , if we interconnect ny, nodes using network a, then it need only smaller number of

aveinge hops than using b to interconnect 0y nodes which makes system faster. Or network may need
lews slegree for each node which means saving of transmitter-receiver pairs. Following table shows the
cunpanison of nodes can be connested using different networks for some A and I, and their Moore bound.
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ni{A, D) A=D=4A=D=6|A=D=8BlA=D=10

k-cube 16 64 256 1024
de Bruiin 16 729 | 65536 | 9765625
Kautz 24 972 81920 |11718750

Moore bound 161 23437 | 7.7E+6 |4.36E+9

Table 1 Number of nodes can be conneeted using different networks, Here
de Bruijn and Kantz are undirected (see last part of this section)

As we can see, for afixed A and D, the number of nodes can be accommeodated in k-cube is less than
that of de Bruijn network and that of Kautz network, although they all well bellow the theoretical limit--
Moore bound.

de Bruijn network

_ _ There are several ways to define de Bruijn network. These include words on an alphabet; line
digraph iteration; and integer congruence. Here we use words on alphabet[21].

The de Bruijn network B( A.D) is a digraph (direct graph ) that each vertice is a word of length D on an
alphabet £ of A letters. Two nodes u and v (that is, two words) will have an edge from u 1o v {denoted by
u—v) iff v is a left shifted version of u, that is, if u= Ujlg-+-up, then u—v exists iff v=Ual3---up,
for any O € £. Such, each node in de Bruijn network has out- degree A and in-degree A. Any two nodes
in de Bruijn network need at most D hops to reach each other. We can show this easily as follows. Suppose
u= U]_ll‘z ey, v= ViVa- ‘-"l-"D, then, Ujus---Up —> I.lzl'l],* UR V. — Ug - UpVi¥a — - —
VY1V ¥p. has D hops, Fig 1 shows a B(2, 3) network.

Fig. 1 De Bruijn network B(2, 3)

For a word of length D on an alphabet X having A elements, on each position in the word, we have A
options, so totally we have AP different words. Such, de Bruijn network B{A D) has .&D nodes. And
since de Bruijn network is a regular graph, each node has A  out-going edges, it has totally

e=nxA= AP edges.

Kautz network

The Kautz network K(A,D) is a digraph that each vertice is a word of length D on an alphabet Z of

A+1 letters, with a restriction that any two consecutive symbols in a word are different. Two nodes u and v
(that is two words) will have an edge from u to v (denated by u —>v) iff v is a left shifted version of u, that

is, if u= Uilg === U, then u — v exists iff v= UpUs---Updt, forany o & up, e Z. Such, each node in
Kautz network has out- degree A and in-degree A. Any two nodes in Kautz network need at most D hops
to reach each other. We can show this easily as follows. Suppose u= WyllgesUpy, v=V Ve -V, then, if




¥y #up, Upllg=--Up — Uzlg - UnpVy, = U3z UupViyy —-— ¥i¥a2---¥n, it has D hops, If
V] = up. then Uy eUp = HaseUpVy = Ug-rUpVaVy == UpVasvp= ViVa ¥
Fig 2 shows a K(2, 2) and a K{2, 3) network.,

Fig.2 Kautz Networks, Left: K(2,2). Right: K(2, 3).

For a word of length D on an alphabet L having A +1 elements, on the first position of the word we
have A+1 options, and on each of the rest positions in the word, we have A options. Totally, we have
{ﬂn+l}ﬁl}-1=ﬁb+ AD-1 different words. Such Kautz nerwork K( A D) has AP ; AP nodes. And

since Kautz network is a regular graph, cach node has A out-going edges, it has a total of total

e=nxA= AP L AP edpes.
Undirected de Bruijn and Kautz networks

Undirected network is obtained from the directed one simply by replacing the directed edges with
undirected edges, and remove possible loops and parallel edges. We denote an undirected de Bruijn
network with an edge degree A and a diameter D as UB(A,D), and an undirected Kauiz network

UK(A.D). They can accommodate (A / 2}D+{ﬂ. / E}D_l nodes for UK{A Dy (A/ 2]D nodes for
UH[.&.U}-

3. BUS NETWORK DESIGN WITH DE BRUIJN NETWORK

With the unique property of de Bruijn network, we will replace each edge of UB( A ,D) with a bus. Such
bus system has maximum diameter D+1. UB(2,3) and UK(2,2) are shown as follows, where each edge is

replaced by a bus.
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o
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Fig. 3 onthe left: UK(2,2) bus system. on the right: UB(2,3) bus system

Infig. 3, each white dot represents a fan-in/fan-out point where signal can be sent and received from
other fan-in/fan-out point s along the same bus, including the end numbered end points which are also fan-
in/fan-out points. For example, any white dot on the bus between 01 and 20 can reach 02 in two hops; any




white dot on the bus between 000 and 100 can reach 111 in three hops. Here, each bus is a polymer based
holographic waveguide.

Holographic waveguide is an optical device to provide signal routing. A laser beam injected into
holographic waveguide diffracted at the holographic layer according to the Brag diffraction condition. Fig,
4 shows the diffraction diagram for fan-in. On the left, Kj, is the fan-in beam vector, IK;, |=2mn /A,

where n is the refractive index, A is the wavelength of the laser beam. K%)ut is the diffracted beam vector
within waveguiding plate. K is the needed grating vector to get the resulting vector, which is
perpendicular to the grating orientation. |Kjl=2m/ A, where A is the period of the grating. Our
objective is to make a hologram having the pattern of K to redirect the laser beam to the left with a
bouncing angle of 45 degree. The right side of Fig. 4 shows another grating pattern ( K5, perpendicular to

the grating orientation) which redirects the laser beam to the right in 45 degree. Ky ndi represents the

undiffracted beam. Fig. 5 shows diffraction diagram for fan-out. Since our design is based on 45 degree
principle, surface-normal fan-in results in several fan-our that also are surface-normal according to properly

grating K; and K as shown in the vector diagram in fig. 5.

K, Sin " Kin | k, K K, k, K
‘out
K K 1 Kmb N K
in . 2 at
1 K :
AV RY XA NEEX AR
K, R 209 Kou | | " orti S
_ W
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45 45° 40 G ° 45° 45q A

Fig. 4 Diffraction diagram for fan-in Fig. 5 Diffraction diagram for fan-out

Fig. 6 shows a multiplexed holographic grating. Two exposures applied to one light- sensitive polymer
attached to substrate. When one processor sends a light beam signal, any other processor receives the fan-
out signal. Multiplexed vector diagrams are also shown in fig. 6.

2
to/from  processors Ko Kt

K

hologram K,

KL LLLLLLLLLLLLLL
/NG \/ NS/

45 VT

substrz]te

Fig. 6 Multiplexed polymer based hologram waveguide.

Fig. 7 shows our setup for recording the hologram. The laser beam from an Argon laser is splitted
into two beams via a beam splitter. One is the object beam, the other is the reference beam. If we denote

the angle between these two beams as 0, then the grating period A is A =2 /{2n,sin(8/2)}, where
A is the wavelength and n_ is the refractive index of the air.
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Fig. 7 Setup for recording hologram.

Reflection mirror

The reconstruction wavelengths may be different from  the recordin g wavelength. Such, to forma
slanted grating coupler which converts a vertical incident wave into a total internal reflection substrate

guided mode with diffraction angle & (there is 45 degree), the two incident angles of the recording beams
are known as:

coalm oo s A Lo
€, =sin ' —sin| — +sin™"| ZEsin—
n 2 L 2

r ¥
; _l!fl .| & | FI.;, .
8, = sin™'{ —sin| ——sin”'| —2sin—
n 2 A B

where 1 is the reflective index of the hologram, Ay and -;Lr represent the wavelengths of the recording and
the reconstruction waves, respectively.

On the right of fig. 7, there shows the resulting multiplexed hologram waveguide bus. By replacing each
edge of UB(2,3) with such bus, we get Fig. 8.

o @ B ¥ o o 0o o

Fig. 8 Realization of UB(2,3) using waveguide holograms
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If maximal r nodes can be attached to cach bus, then, for de Bruijn B{ A,D), the total number of nodes
is &D{rﬂ.—ﬁﬁ—l- 1). And for Kautz K{A.D), the total number of nodes can be accommodate is

(ﬁn 1+ ﬁn_])[r& —2A+1). Note that, the buses here are bidirectional, If they are unidirectional, the
results hold.

In the next section, we will see that bus network can accommodate more nodes with fixed parameters of
A, D, r by using hypergraph..

4. BUS NETWORK DESIGN WITH HYPERGRAPH
Hypergraph

A graph is a set of nodes connected by edges. Each edge connected only two nodes, Hypergraph extend a
graph in that each edge can connect more than two nodes, such edge called hyperedge( for more
mathematical definitions, see[8]). An n-node bus system is a hypergraph with n nodes and one hyperedge.
A hypergraph is denoted as (A, D,r), where 1 is the volume of the hyperedge( maximum nodes can be
accommedated within an hyperedge), A |, and D as defined before. The maximum number of nodes a
network may have is limited by Moore bound:

n(A,D,r) < 1+ A(r = DERG (A - Di(r = 1)\,

Dual Hypergraph

Given a hypergraph H, we can take its hyperedge as another hypergraph's node(the volume r of the
hyperedge becomes the degree A of nodes in the new hypergraph), its node as the hyperedge of the new
hypergraph( node degree A becomes the bus volume r of the new hypergraph. We will call this new
hypergraph the dual hypergraph of original one, denoted as H. it is well known [13] that, if H is a
(A, D, ry-hypergraph, then its dual hypergraph is a (r, D'1 A yhypergraph , where D-1 = D' < D+l
This means the difference of diameters of a hypergraph and its dual is at most one. It's interesting 1o
construct hypergraph (2, D, A) from the ordinary graph ( A, D, 2) ( that is the regular graph (A, D). For
ordinary de Bruijn network( or Kautz network ) with node degree A and diameter D{ note that regular
graph has bus volume r=2), by using hypergraph dual operation, we get a hypergraph with bus volume A
and each node on two buses.

De Bruijn Bus Network and Kautz Bus Network
De Bruijn Bus Network

Let's denote de Bruijn bus network as B(A,D, k) where A is the degree of cach node, D is the
maximum hop between any two nodes in the network, k is the number of nodes can be connected to a bus.
Here, we discuss two different cases, First, we consider the case where each node's transmitlers and
receivers may attach to different buses, each bus can accommodate k transmitters and k receivers from
different nodes, as denoted as B{ A, D, k). In the second case, the transmitter and receiver of each nodes are
unseparable(i.e. transmitter-receiver pair should be attached to same bus), the maximum number of nodes a

bus can accommodate is k, we denoted such de Bruijn network as UB(A, D, k).

Since the representation of bus network can be done using graph, we need hypergraph representation




where each edge is a hyperedge which means there may be more than 2 nodes on an edge, Each hyperedge
is a bus. If there are k nodes are incident 1o the hyperedge, then it means there are k wansminers of different
nodes are attached to the bus. If there are k nodes are incident from the hyperedge, then it means there are k
receivers attached to the bus.,

De Bruijn bus network B( A, D, k) are constructed as follows. We code cach node a5 an clement
Wil Wallp - Wp_jUp_1Wplp. where w; Xy , E}: is an alphabet with k elements, and
u; € Eﬂ : Eﬂ is a alphabet with A elements. We also code each bus as r.’!.wluiwzuz---WD_ILID_][j,
where w; € Ep, u; €Z4 ,and o, € 4. The length of WjljWally++*Wp_jUp_jWplp is equal
to the length of Cwjuywsus---wp_jup_iff. They both are equal te D. For each node
Wil Wols - Wn_UnWplp., it incident to  the set of hyperedges
UyWallp- WU WpUpt, where O E Eﬁ. That is , there is an arc pointing to the hyperedge
U Wolly W Up_WpUptt from the node WU Wollg - Wp_1Up_WpUp. Since there are A
elements in X 4 | each nodes incident to A different hyperedges. We should keep in mind that hyperedge
itself is a bus. So, each node incident to A different buses. The node Wilywals - Wp_jUpWplin
is also incident from the set of hyperedges WU Wally W Up_Up , where O E Z a. That is,
there is an arc pointing to the node WU Wals---Wp_jUp_WpUp from hyperedge
CW 0 Wallg -+ W _jUp—1Up- Since there are A elements in E_,:.“ there are A hyperedges connect to
{ or point 1o ) the node w]u|wzul~-~WD__1L‘||:,,_]WDI.ID.The in-degree of each node is A, and the out-
degree of each node is A. We can think this situation as there is a node with A transmitters and A
receivers, which transmits signal o A buses and receives signal from A buses simultancously. As to each
bus, from Wil Wolly--- W jUpWpUp — U Wals*Wp_jUp_WpUp( we know that there
are k transmitters attached to the bus, since W EEk and E‘k has k elements. From
W walls - Wp_jUp_jUp —F WU wals--WphojUp-1Wplp. there are also k receivers
attached to the bus, since Wy € Zj, and ) has k elements.

With such an interconnected de Bruijn Network, the maximum hops needed from any node in the
network 1o any other node ( that is the diameter of the hypergraph ) is D, We can simply show this as
follows. In order to hop from node WU Walla - Wp_jUp-1WpUp to node T!llTE}-Z"‘TD?‘-D- we
have

WIUWolg W jUp_jWplUp — U Wl  Wp_jUp-|WDUDA|
— WZUE'**W'D_]UD_iW'DUD’}’]J'..J
— Up-Wp_jUp_WpUpYiAA,
= TiMT2h2 - Yprp-

There are al most 20 shifis, which visits al most D hyperedges { D hops ).

The maximum number of nodes in a de Bruijn network can be calculated as follows. Each W; € ER in
WU Wals - -Wp_jUp_WpUp takes k different values and each u; € E'.-j. takes A different values.

The 1otal possibilities will be (M}D So, n= l:ﬁk}n

ForUB(A, D, k) (thatis a network with A T/R pairs, maximum D hops and bus volume k ), we
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should construct the de Bruijn network B{ A/2, D, k/2) and replace each directed arc with undirected are.
D
ﬂk)

Such the maximum number of nodes it can interconnect is [T

Kautz bus network

Kautz bus network K(A,D, k) are constructed as follows. Similar to de Bruijn network, we
code cach node as an element WilyWalla---Wp_jUp_Wpup- It consists of D w;u; pairs where
Wi € L) (I isan alphabet with k elements), and u; € £, (X, is an alphabet with A elements) with
the restriction that any two consecutive W;U; pairs are different. Although each wju; pair has kA
options, we add a default state **( i.e., W;u;="** for some i ), such, each w;u; has k A+l options, We
also code each bus as QW U Wols - Wp_jup_1B, where w; € Z,, u; €X, . and o,fe Xy,
For each node wjuWouy---Wp_jUp_WpUp. it incident to the set of hyperedges
UjWally Wp_jUp_WpUp, according to that, 1) if Wplup=**, then @& X could be any
elementin X4, 2)if wplp #**, then O 2 Up, it may take any element in (£, — up ) (*). Since
there are A elements in E& . tach nodes incident to A different hyperedges. The node
Wil Wally-Wh_jUup_WpUnp is  also  incident from the set of hyperedges
WU Walla W jUp_jUp , according to that, 1) if Up=*, then wp= % 2)if up € Za. then
wp E Ek { Wp # *). That is, there is an arc point to nede Wil Wallz--- W jUp-WpUp from
hyperedge OtW{UWoU3 -~ Wp_[Up—jUp. Since there are A elements in X 4 , there are A hyperedges
connect to { or point to ) the node WUy Wolls -~ Wn_jUp—iWpUp. The in-degree of each node is A,
and the out-degree of each node is A . As to each hyperedge, from Wil Walls- W _jUp_WpUp —*
UyWalls - Wno_jUn_WpUpl we know that there are at most k transmitters attached to the bus, since
Wi € Ly and I hask clt:mcnl.ri: il uy # * If uy=*, then only one node is attached to the bus, There

are also at most k receivers attached to the bus. Note that, if up=*, then Wp= *, and only one receiver is
attached to the bus.

With such an  interconnected Kautz Network, the maximum hops needed from any node in the
network o any other node is D. We can simply show this as follows. From

Wil Walla - Wp_jUpWpUp to node Tlli'}'glgrﬂ‘fﬂln. if wplp # ‘f-|:"|.1 we have

WU Wally - Wp_Up_jWplp — UjWalp *Wp_jUp_|WpUph)
— Wally:-Wp_jUp-1WplpYiA;
= U Wp-Up-WpUpTiAAz
= - = Tiliv2R2-Tphp.

There are at most 2D shifts, which visit at most D hyperedges ( D hops ).

If Wplp = T]lli.lhi:n Wil Wallp- W Up-|Wplp = ‘L\"ll.llWlez"'WD_]_I.IEJ_,]']"]?H e 4
UIWIUE"'WD_|H|}_1T11112 —%k “’2112'"“’D_IUD_lTlll?zlz—} -
TiAY2Aa ¥ pAp, there are at most 2D shifts, that is, at most D hops.

The maximum number of nodes in a Kautz bus network can be calculated  as follows.  Each
will; € (Zg X EZA)U( *#* ) in WU Waly - Wp[Up-|WpUp takes Ak+l different values, and
any two consecutive W;_jU;_1, W;U; are different. So, the first place of pair wju; may takes Ak+1




possibilities, and the rest each pair may takes Ak possibilities, The total possibilities will be

(Ak -+ 1)(Ak)P 1= (Ak)P+ (AK)P, 50, n=(AK)P + (AK)P-L

For UK( A, D, k) ( that is a network with A ‘T/R pairs, maximum D hops and bus volume k ), we
should construct the Kautz network K( A/2, D, k/2) and replace each directed arc with undirected arc. Such

D Ak D-1
the maximum number of nodes it can interconnect is [T) + [—J ;

4

Bus network: dual between bus volume and T/R pairs

Duality between bus volume r  and  node degree A: If bus volume r and nodes degree A are
interchangeable to connect a same number of nodes, we say the network has dual property between bus

D
volume and nodes degree. From n= (?J » we know de Bruijn network has dual property. And from

4

n(A , D, rl=n(r, D, A). On the other hand, since nf &, D, 1) =nir, I}_, A, we have nir, D, A)=n(r, D*,
Adand D D

ﬁr ‘}D ﬂ.l." I-J—].
n= [T ) +(—"J » Kautz network also has dual property. If network has duality property, then

In point to point communication as we discussed in section 2,  one need large A ( large number of
transmitler-receiver pairs) in order to connect larger network with the same Didelay). Aceording to dual

property, A and rare interchangeable, we can put buses in point to point network and reduce A, while D
(delay) keep unchanged. Bus save transmitter-receiver pairs!

5. CONCLUSION

In this paper, we show how to construct a good intereonnection network and how it can be used in
designing bus networks, De Bruijn network and Kautz network provide better options for implementation .

For a given number of transmitter-receiver pairs A, system diameten( delay ) D and the maximal number
of nodes r that a bus can accommodate, the total number of nodes de Bruijn network can accommodate is

ﬂ]— D I m D &r D"] I y '
'4— v Kautz network is T + T . Il we permit one node's transmitter and receiver on

different buses, then the number of nodes de Bruijn network can accommodate is fﬁ.r}n. Kautz network is

D -1 . ; : .
lfﬂ'hl‘} + [f:'LT'JD 1. The number of nodes we can connect when transmitter and receiver are separable is
larger than the restricted case where the transmitter and receiver of one nodes must be on the same bus.

According to the dual property, A and r are interchangeable, So the significance of the bus network is,

we can pul buses in point to point network and reduce A, while D {delay) keep unchanged. Bus save
transmitter-receiver pairs!

Although de Bruijn and Kantz network give a constructive way to build networks with clear parameters
options, they are not optimal, There exist some networks even better than de Bruijn network or Kautz

network. But due to the difficulties of constructive method, there still nzed a lot of efforts to find out
networks near Moore bound.
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